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For all n ~> 3, regular n-valent nonHamiltonian non-n-edge-colorable graphs 
with an even ntunber of vertices are constructed. For n @ 5, 6, or 7, these 
graphs are n-connected. 
INTRODUCTION 
It was shown in [1 ] that 2n-connected regular m-valent nonHamiltonian 
graphs exist, for all m ~> 2n + 1, n ~ 1. In this paper, a family of graphs 
Gn, n ~ 3, is constructed, where Gn is regular of valency n, n-connected, 
and nonHamiltonian. Gn, which has an even number of vertices, is shown 
to be n-edge-colorable for n = 6m-  1, 6m, 6m q-1, and non-n-edge- 
colorable for n = 6m q- 2, 6m + 3, 6m + 4. A further family of graphs 
Gn' is constructed, where G,~' is a modification of G , ,  n = 6m-  1, 
6m, 6m + 1. These are also nonHamiltonian, but are non-n-edge-colorable 
and, for n v L 5, 6, 7, n-connected. 
It follows from a theorem of Vizing [3] that every n-valent graph is either 
n- or (n -% 1)-edge-chromatic, the latter case including all such graphs 
with an odd number of vertices. The above results imply that there are 
(n + 1)-edge-chromatic n-valent graphs with an even number of vertices 
for all n ~ 3; few such examples were previously known. In particular, 
G 4 (Fig. 3) provides a counterexample to two conjectures of Nash-  
Williams [2], namely that (i) every 4-edge-connected regular graph of 
valency 4 with an even number of vertices is 4-edge-colorable, and (ii) 
every 4-vertex-connected regular graph of valency 4 has a Hamiltonian 
circuit. 
THEOREM 1. Suppose that a subgraph K of a regular n-valent graph G is 
isomorphic to K~.~-x. Let H be the multigraph which results when K is 
contracted to a single vertex k. H is Hamiltonian iff G is. 
55 
Copyright 9 1973 by Academic Press, Inc. 
All rights of reproduction i any form reserved. 
56 MEREOITH 
Proof. 
G H 
a~ a 2 an_ ~ k 
FIG. 1. i r j does not imply c~ =~ ei. 
Suppose G has a Hamiltonian cycle C. C must contain 2(n -- 1) a~bj- 
type edges, and therefore 2bic~-type dges. Thus contracting K to k 
contracts C to a Hamiltonian cycle of H. 
Conversely, let C' be a Hamiltonian cycle of H. C' corresponds to a 
path in G which can be extended to a Hamiltonian cycle by the addition of 
a suitable set of 2(n -- 1) a~bj-type edges. 
THEOREM 2. H is n-edge-colorable iff G is. 
Proof. Suppose that C is an n-edge-coloring of G. For each i, 
1 ~ i ~ n -- 1, there is precisely one edge aib~ of each color, so each 
color is given to a total of n -- 1 aibs-type dges. On the edges adjacent 
to the b~ vertices, each color must appear exactly n times, and so must be 
given to just one edge of type bici. Thus when K is contracted to k, C 
becomes an n-edge-coloring of H. 
Conversely,let C' be an n-edge-coloring ofH, corresponding toa coloring 
in G of all edges except hose of type aibj. This can be extended to an 
n-edge-coloring of G as follows: for 1 ~ i ~ n, suppose edge b~c~ has 
been given color i. Give edge aibj color (i q - j )  rood n. 
The above theorems are clearly valid when H has been obtained from 
G by any number of simultaneous contractions of pairwise disjoint 
K~.~_a subgraphs of G. 
THEOREM 3. Suppose that every vertex of H is the contraction of a 
K, . , - I  subgraph of G. G is n-vertex-connected if f  H is n-edge-connected. 
Proof. Suppose that G is n-connected, and let k1, ks be vertices of H. 
Let x, y be vertices o f / (1 , / (2 ,  respectively, where K~ is the Kn,,._~ in G 
corresponding to k~ in H, i ---- 1, 2. By hypothesis, in G there are n paths 
from x to y that are pairwise disjoint (except of course at x, y). These 
contract o edge-disjoint paths in H from kx to ks 9 
Conversely, suppose that H is n-edge-connected, and let x, y be any two 
vertices of G. Suppose first that x, y ~ K, where K in G contracts to vertex 
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k in H. I f  x, y are both of type ai ,  then {xbi y : 1 ~ i ~ n} is one set of n 
disjoint paths from x to y. Otherwise, there are n disjoint paths, n -- I of 
which lie entirely within K, the other consisting of any path outside K 
from x to y if x, y are both of type bi,  or if x, say, is of type ai ,  any path 
outside K from some b~ 4: y to y, and the edge xbi.  Assuming G to be 
finite, such paths outside K must exist, for otherwise H could not be 
n-edge-connected. 
Now suppose that x e K~, y E K~. It is clearly sufficient o show that 
there are n pairwise entirely disjoint paths from the b~ vertices of/s to 
those of K2. 
Consider any n-edge-disjoint paths in H from kl to k2 9 Each of these 
paths corresponds to a set of edges in G, each joining bi vertices of different 
K~'s. Add edges to each set as follows: if two edges of the set are adjacent 
to the same K~, at bj ,  b~ say, add the edges b~a~, a~b~, where 
m = min{j, 1). Each set of edges becomes a path, and the n paths are of 
the required type. 
CONSTRUCTION OF G n 
Label Petersen's graph as in Fig. 2 and let H~ be the multigraph obtained 
from it as follows; replace each edge AiBi by b edges, 1 ~< i ~< 5, and 
each of the other edges by a edges, where ifn == 3m -? o~, eL -- --1, 0, or 1, 
thena----- m, b = m + o~. 
A 
A 4 
~A 2 
A 
3 
FIG. 2. 
G, is the (necessarily unique) graph from which H,~ is obtained by ten 
simultaneous contractions as in Theorem 3. H ,  is nonHamiltonian, so by 
Theorem 1 G~ is nonHamiltonian. Note that G,~ has an even number of 
vertices (20m -- 10). 
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THEOREM 4. 
Proof  
ted. Two 
there are 
rood 5): 
(1) 
(2) 
(3) 
(4) 
Gn is n-connected. 
By Theorem 3, it is sufficient o show that Hn is n-edge-connec- 
vertices of  H ,  are either adjacent or at distance two apart, and 
four cases to consider. The pairs of  vertices are (with all suffices 
Ai  , Ai+l or Bi , Bi+2 , 
A i  , Bi , 
A i , Ai+ 2 or B~, Bi+ 1 , 
A i , Bi+ 2 or A~, Bi_ 2 . 
By symmetry, it is sufficient o consider one example in each case. Each 
path in Petersen's graph corresponds to either a or b edge-disjoint paths 
in H , ,  so for n = 3m, the n-edge-connectedness of  H ,  follows from the 
fact that Petersen's graph is 3-connected. 
For n = 3m :~ 1, the following table lists three paths in Petersen's 
graph for each of cases (1-4), and the total number of  corresponding paths 
in H , ,  To complete the proof, one or two additional paths are needed in 
some cases; these are listed below the table. 
Total: 
Case Example Paths n = 3m-- 1 n = 3m-~ 1 
1 A~,  A2 
2 A1, B~ 
3 A~, Aa 
4 A1, Ba 
A1A~ , A1AsA~AzA2 , AIB1B4B~A2 3m -- 1 3m 
A1B1, AIAsA~B~B1, A1AeA3B3B1 3m -- 3 3m + 1 
A1A~As , A1A~AaA3 , A1B1B3Aa 3m -- 1 3m 
A1B1B~ , A1AzB~B3 , A1A~A~B~ 3m -- 3 3m 
(1) n = 3m 
(2) n = 3m 
(3) n = 3rn 
(4) n = 3m 
n=3m 
+ 1: A1B1B3B~B~A~. 
- -  1: A1A~B2B4B1, A1AsBsBaB1 9 
+ 1: A1B1B4BzBsBaAa. 
- -  1: AzA~A~B4B1B~ , A1A~B~BsBa ; 
+ 1: A1B1B~A4A3Ba. 
THEOREM 5. G,~ is n-edge-colorable fo r  n = 6m + a, a = --1, 0, 1. 
Proof. By Theorem 2 it is sufficient o prove the theorem for Hn 9 It 
will be shown that 115, He ,  117 are 5-, 6-, 7-edge-colorable, respectively, 
n-edge-colorings of  H6~+~ being obtained by taking (m-  1) 6-edge- 
colorings of H6 and one (6 + ~)-edge-coloring of H6+~ (with pairwise 
disjoint color sets) and superimposing them. 
Let the colors in the (6 + c0-edge-coloring of H~+~ be 1, 2, 3 ..... (6 + cr 
The following is an example of  such a coloring: 
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Edges: A1A2 A2Aa A3A4 A4A5 AsA1 BIB3 B3Ba B~B2 B2B4 B4B1 
Colors: 2,4 1,3 2,5 1,4 3,5 2,3 1,5 3,4 1,2 4,5 
Edge(s): A1B1 A~B2 A3Ba A4B4 AsB5 
Color(s): l, (6), (7) 5, (6), (7) 4, (6), (7) 3, (6), (7) 2, (6), (7) 
THEOREM 6. Gn is non-n-edge-colorable, .for n ~- 6m 4- 2, 6m 4- 3, 
6m +4.  
Proof. Suppose that H,~ is n-edge-colorable. There are 10in 4- 5 
AiAi+a-type edges in H~,  so at least one color appears just once on an 
edge of this type. Petersen's graph has however no 1-factor containing 
just one edge of this type, so we have a contradiction. The result follows 
by Theorem 2. 
CONSTRUCTION OF G,~' 
For  n = 6m + ~, ~ = --1, 0, 1, let H,,' be obtained from Petersen's 
graph in a similar manner to H~,  except hat a ~ 2m + I, b = 2m + ~ - 2, 
for n v~ 5, 6, 7, 11, 12, 17. For these cases, a, b are as follows: 
n : 5 6 7 11 12 17 
a :  1 1 1 3 3 5 
b:  3 4 5 5 6 7. 
Similar arguments to the proofs of  Theorems 4 and 6 show that Gn' is 
n-connected for n 4 5, 6, 7 and non-n-edge-colorable for all m ~> 1. 
The graph G4 : 
Fic~. 3. 
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